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Abstract 

This paper discusses the approximation by de la Vallee Poussin means V n f on 
the unit sphere. Especially, the lower bound of approximation is studied. As a 
main result, the strong converse inequality for the means is established. Namely, 
it is proved that there are constants C\ and C2 such that 

for any p-ih Lebesgue integrable or continuous function / defined on the sphere, 
where u)(f,t) p is the modulus of smoothness of /. 
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1 Introduction 

Motivated by geoscience, meteorology and oceanography, sphere-oriented mathematics 
has gained increasing attention in recent decades. As the main tools, spherical positive 
polynomial operators play prominent roles in the approximation and the interpolation 
on the sphere by means of orthonormal spherical harmonics. Several authors such as 
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Ditzian [5], Dai and Ditzian [4], Bernes and Li [2j, Wang and Li [IB], Nikol'skri and 
Lizorkin |10t [8] introduced and studied some spherical versions of some known one- 
dimensional polynomial operators, for example, spherical Jackson operators (see [8]), 
spherical de la Vallee Poussin operators (see [3], [IS])) spherical delay mean operators 
(see [13]) and best approximation operators (see [5], [1], [16]) etc.. 

The main aim of the present paper is to study the approximation by the de la Vallee 
Poussin means on the unit sphere. 

For to formulate our results, we first give some notations. Let M. d , d > 3, be the 
Euclidean space of the points x := (xi, X2, ■ ■ ■ , xa) endowed with the scalar product 

d 

x ■ x' = xjx'j (x, x' G R d ) 

3=1 

and let a := <7 rf_1 be the unit sphere in M. d consisting of the points x satisfying x 2 = 
x ■ x = 1. 

We shall denote the points of a by /i, and the elementary surface piece on a by da. 
If it is necessary, we shall write da := da(fi) referring to the variable of integration. 
The surface area of a d ~ l is denoted by (c^" 1 ], and it is easy to deduce that 



a d - l \ = I da 



2tt2 



r(l) 

By C(a) and L p (a), 1 < p < +oo, we denote the space of continuous, real-value 
functions and the space of (the equivalence classes of ) p-integrable functions defined 
on a endowed with the respective norms 



oo := max | /(/i) |, 



l/p 

\f(ri\Pda(v)) , l<p<oo. 



\p ■- 

In the following, L p (a) will always be one of the spaces L p (a) for 1 < p < oo, or C(a) 
for p = oo. 

Now we state some properties of spherical harmonics (see [16], [7], [9]). For integer 
k > 0, the restriction of a homogeneous harmonic polynomial of degree k on the unit 
sphere is called a spherical harmonic of degree k. The class of all spherical harmonics of 



degree k will be denoted by H^, and the class of all spherical harmonics of degree k < n 
will be denoted by LT^. Of course, 11^ = ©}! = o%fc) and it comprises the restriction to 
a of all algebraic polynomials in d variables of total degree not exceeding n. The 
dimension oilik is given by 

2k + d - 2 (k + d - 2 N 

d d k := dimftg 



k + d-2 V k ' 1 ~ '' 
1, k = 0, 



and that of 11^ is £fe=o d fc- 

The spherical harmonics have an intrinsic characterization. To describe this, we 
first introduce the Laplace-Beltrami operators (see [9]) to sufficiently smooth functions 
/ defined on a, which is the restriction of Laplace operator A := Yli=i j^z on the 
sphere a, and can be expressed as 



Df(p) ■= Af 



2/ 



Clearly, the operator D is an elliptic, (unbounded) self-adjoint operator on L (<r), 
is invariant under arbitrary coordinate changes, and its spectrum comprises distinct 
eigenvalues A^ := —k(k + d — 2), k = 0, 1, ... , each having finite multiplicity. The 
space Hk can be characterized intrinsically as the eigenspace corresponding to Afc, i.e. 

n k = {^ e C°°(a) : = -k(k + d- 2)*}. 

Since the A^'s are distinct, and the operator is self-adjoint, the spaces Ti k are mutually 
orthogonal; also, L 2 (a) = closure {©fc^fc}- Hence, if we choose an orthogonal basis 
{Yfc 5 z : I = 1, . . . , df} for each H^, then the set : k = 0, 1, ...,/ = 1, ... , df,} is an 
orthogonal basis for L 2 (a). 

The orthogonal projection Y k : L^(a) — > Hk is given by 

where 2A = d — 2, and P k are the ultraspherical (or Gegenbauer) polynomials defined 
by the generating equation 

oo 

(1 - 2rcos0 + r 2 )- A = ^ r fc P fc A (cos 9), < 9 < tt. 

fc=0 



The further details for the ultraspherical polynomials can be found in 

For an arbitrary number 9, < 9 < it, we define the spherical translation operator 
of the function / E L p (a) with a step 9 by the aid of the following equation (see [12j . 

my- 

Se(f) ■= S (f; y) := d 1 d _ 2fl / /(z/)do-(i/), (1) 

where |cr rf_2 | means the (d — 2)-dimensional surface area of the unit sphere of R d_1 . 
Here we integrate over the family of points v € a whose spherical distance from the 
given point fj, E a (i.e. the length of minor arc between /i and v on the great circle 
passing through them) is equal to 9. Thus Sg(f;n) can be interpreted as the mean 
value of the function / on the surface of (d — 2)-dimensional sphere with radius s'm9. 

The properties of spherical translation operator ([1]) are well known; see e.g., [2]. In 
particular, it can be expressed as the following series 



pA/" Q\ ™ 

W; a0 = £ pA C m Ffc(/; ^ := £ Q * (cos /i) 

fc=0 fc ^ ' k=Q 

and for any / 6 L p (a) 



\\Sef\\ P < 11/11 



hm||^/-/|| p = 0, 
p — 

where Qi(cos9) := h L\ " . We usually apply the translation operator to define spher- 
ical modulus of smoothness of a function / G L p (a), i.e. (see JTB]) 

w(/,t) p := sup ||/ - Sfl/Hp. 

o<e<t 

Clearly, the modulus is meaningful to describe the approximation degree and the 
smoothness of functions on a, which has been widely used in the study of approxi- 
mation on sphere. 

We also need a K- functional on sphere a defined by (see [5], [IS] ) 

K(f;t) p :=mf{\\f-g\\ p + t 2 \\Dg\\ p :g,DgeL p (a)}. < t < t . (2) 

For the modulus of smoothness and if -functional, the following equivalent relationship 
has been proved (see [3]) 

u(f,t) p nK(f,t) p . (3) 



Here and in the following, a~i) means that there are positive constants C\ and C% such 
that G\ < a < C26. We denote by Q(i = 1,2,...) the positive constants independent 
of / and re, and by C(a) the positive constants depending only on a. Their value will 
be different at different occurrences, even within the same formula. 
Define the kernel of de la Vallcc Poussin as 

1 / t \ 2n 

Mt) = T~ cos o » nGN > ( 4 ) 



In,d V 2 

where the constant satisfies 

v n ({n>)da(v) = \o d ~ 2 \, 

and /if is the spherical distance between the points // and f, i.e. the length of minor 
arc of great circle crossing \i and v. Then the convolution resulted by the kernel is 

V n (J;iM) = {f*v n )(jj,) = r-^r ! f{u)v n {ir V )da{v), f G LV), (5) 



which is called de la Vallee Poussin means on the sphere. 

The means were introduced by de la Vallee Poussin in 1908 for one dimensional 
Fourier series and were generalized to ultraspherical and Jacobi series by Kogbeliantz 
and Bavinck in 1925 and 1972, respectively (see also [E]). In 1993, Berens and Li 
[3] established the relation between the means and the best spherical polynomial ap- 
proximation on the sphere, and discussed their approximation behavior by various of 
smoothness. Especially, they proved (see also [III] ) the relation: 

m^\\V k f-f\\ p ^Jf,^=), feLP(a). (6) 

k>n \ Wn/p 



Motivated by pQ and [6], we will improve the above result. In deed, we will prove 

\\v n f-f\\ p *Jf, -L) 

for any / G L p (a), 1 < p < +00. 

2 The kennel of de la Vallee Poussin 

In the definition of de la Vallee- Poussin kernel v n given by flU), the constants I n ^ is 
requested to satisfy 

v n (nv)da{v) = |(J d ~ 2 |, 



which implies that 



/*7T 

I v n (d) sin 2A 9d6 = 1 (2A = d - 2). 
Jo 



By computation, we have 



In,d — 2 



2A r(A + l/2)r(n + A + l/2) 



T(n + 2A + 1) 
where T(A) is Gamma function. So, 

T(n + 2A + 1) 



v n it) 



cos ■ 



2;i 



2 2A r(A + l/2)r(n + A + 1/2) 

Since v n {t) are even trigonometric polynomials with degree n, V n (f, (J,) are spherical 
polynomials with degree n. So we also call ([5]) spherical de la Vallee Poussin polynomial 
operators. 

We can translate de la Vallee Poussin means given by ([5]) into the multiplier form: 



f„(/; M ) = X>2W;m) 

k=0 



(7) 



where 



(A) ._ 



n,k ' 



n!(n + 2A)! 



< k < n: 



(n - k)l(n + k + 2A)!' 
0, k > n. 

Noticing that the means can be rewritten as 



v n (9)S$(f;fi) sin 



2A 



-y fc (/;/i) sm' A 9d6 



E (^^.W^^sin 2 ^^) K fc (/; M ), 



it is sufficient to prove 



Vn(0) 



sin 2X 6 d6 = u^' k , k>0 



(A) 
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In deed, when k = 1, one has 



Jo K ' ^i A (l) 

J v n {6) (l-2 sin 2 sin 2A 0d0 



n2A I r~K / a \ 2(n+A) /j i.7T / /)\ 2(n+A) a \ 

h(lH) **i»-'LW) 8i,,2,A+I, h 

2 2A+1 /l / 1 1\ / 1 1 

:B(X + -,n + X+- \ - B [ X + l + -,n + X + 



I n \ 2 \ 2 2/V 2 2 



n n!(n + 2A)! {A ) 

0J r 



n + 2A + l (n- l)!(n + 1 + 2A)! "'^ 
where B(a,b) is Beta function. 
Now, we suppose for k < n, 

Jo V ' F t A (l) 
Then for k + 1 we first recall the relation (see page 81 of |15j ) 

(k + l)P fe A +1 (x) - 2(A + k)xP£(x) + (2A + k— l)Ptx{x) =0 (fc > 1), 

i.e., 

P fc A +1 (cos#) = — — (2(A + k)cos6P£(cos8) - (2A + k - l)P j A _ 1 (cos 0) 



k + 1 



Then, 



f n , P^Vi (cos 6») 9 , 
/ r ; ; sin 2A 6>d0 

A) P fc A +1 (!) 

pA 7^77— n ( 2 ( A + fc ) cos ( cos ) sin2A M0 

r-TT \ 

-(2A + &-1) / u n (0)P fc A _ 1 (cos6')sin 2A ^ 



(2(A + fc)J 2 - Ji). 



By the assumption, we obtain 

i r p£ i(cos6>) 

Jx = (2A + fc-l)P A _ 1 (l) / fc , lV ; S in 2A flrf0 

JO Pfc-ll 1 ) 

(2A + fc- l)!n!(n + 2A)! 
r(2A)(fc - l)!(n - fc + l)!(n + k - 1 + 2A)! ' 
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For J2 we have 



J 2 = J ^cos ^2 cos 2 ^ - 1^ P fe A (cos 9) sin 2A 6d6 

Jo F k I 1 ) 



:— J21 — J22, 

which implies from the assumption that 

T(A: + 2A) n\(n + 2X)\ 



J: 



22 



k\T(2X) (n- k)\{n + k + 2\)V 
and 

2T(n + 1 + A + l/2)r(n + 2A + 1) T(k + 2A) (n + l)!(n + 1 + 2A)! 



J- 
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r(n + A + l/2)r(n + l + 2A + l) A;!r(2A) (n + 1 - k)\{n + 1 + fc + 2A)! ' 
Therefore, 

T(fc + 2A) nUn + 2A)! . . . lXN 

J > = iT(2A) (n+l- *)!(,,+ lU + 2*)! ( " ( " + 1} + l ' (2A + *» ' 



So, 



P A +1 (cosg) n!(n + 2A)! (A) 

l " [9) 8m (n-fc-l)!(n + fc + l + 2A)! " 



On the other hand, it is clear that for k > n, uj n L = 0. Hence, de la Vallee Poussin 
means V n (f; /x) have the form of multiplier expression given in ([7]). 
Now we give some properties for the de la Vallee Poussin kernel v n . 
Lemma 2.1 Let v n (t) be the kernel of de la Vallee Poussin defined by (@J), 2A = d—2 
and d > 3. Then there hold 

9-\ n (9) sin 2A Odd < C(d)n%, (8) 





and 

f 6~™v n {6) sin 2A 9d6 < C(d)n», m = l,2,.... (9) 
•/ 

Proof. We only prove (J8J) . The proof of ([9]) is similar. First, a direct computation 
implies 

T (2n + d-3)H _<ti 

/M = ^) (2n + 2 ,_ 4) ,, ^n , . 



Then, 



/ #- A v n (0)sin 2A #c^ = — / 0- A (cos-) sin 2A d0 
Jo In,d Jo V 2/ 



where 



So, we have 



t(-A) 

J n,d 
In,d 



j(" A )= / V^sin d - 2 0cos 2 ^. 







r(n + ^ 



,7 



Therefore 



j(-2) _d 

^- A v n (0)sin 2A ^ = -y^- < C(d)-^r = C(d)n^. 

J-n,d fi 2 

The proof of Lemma 2.1 is completed. □ 

Lemma 2.2 For the kernel of de la Vallee Poussin v n (t) defined by ([!]), we have 



f 6 A v n {6)sm 2X ed9 <C{d)n 
Jo 



Proof. Since 



j( 4 ] = / ^cos 2 ^ S in 2A ^ = 2^ 1 7r 4 /%in d+2 0cos 2n+d - 2 



2 

2^V ^y , if d is even; 
2^-1^4 (2»^-3)!^+l)!! ifdisQdd 



C{d) 



(2n+2d)\\ 

(2n + d-3)!! 
(2n + 2d)\l 



we have 



f 77 

.70 



«V W sin" M, - g - C W " < C W n- 



This finishes the proof of Lemma 2.2. □ 
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3 Lower bound of approximation for de la Vallee Poussin 
means 



In this section we prove the main result of this paper, which can be stated as follows. 

Theorem 3.1 Let V n (f; //) be de la Vallee Poussin means on the sphere given by 
©. Then for / £ L p {o), 1 < p < +oo, there exists a constant C which is independent 
of / and n, such that 

uj(f,^=) <C\\V n f-f\\ p . 



In order to prove the result, we first prove the following lemma. 
Lemma 3.1 For any g, Dg, D 2 g £ L p (cr), 1 < p < oo, there exist the constants 
A, B and C 2 which are are independent of n and g, such that 

\\Vn9 ~ 9 - a{n)Dg\\ p < C 2 n~ 2 \\D 2 g\\ p , 

where < A/n < a(n) < B/n. 
Proof. Since (see (3.6) of [II]) 

S 9 (g; n) - g (fi) = / sin~ 2A t dt I sin 2A u S u (Dg; fi)du 
Jo Jo 

we have 

S u (Dg; a) - Dg{n) = / sin- 2A 7 d 7 / sin 2A v S u (D 2 g; a)du. 
Jo Jo 

Noting that 

V n (g; u) - g(u) = / v n (8)sm 2X 8d6 / sin~ 2A tdt \ sin 2A u S u (Dg; fx)du 
Jo Jo Jo 

f"K r6 rt 

= Dg(u) I v n (6)sm 2X 6de / sm' 2X tdt / sin 2A udu 
Jo Jo Jo 

+ / v n (9)sm 2X 6d9 / sin~ 2A ^ 
Jo Jo 

x J sm 2X u(s u (Dg;u) - Dg(n)^Jdu 
:= Dg(jj)a(n)+V(g;fi), 

where a(n) = C(d)n~ 1 satisfies < An' 1 < C(d)n~ 1 < Bn" 1 , we obtain that from 
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the Holder-Minkowski's inequality and the contractility of translation operator 

f"K f'6 f't 

\\^g\\ P < \\D 2 g\\ p / v n (9)sm 2X 6d8 / sin _2A tdt / sin 2A udu 
Jo Jo Jo 



x / sin~ 2A 7^7 / sin ZA vdv 
Jo Jo 



2A 



< C 3 \\D 2 g\\ p (* v n {0)0 
Jo 

Thus, from Lemma 2.2 it follows that 



4 sin 2A 9d8. 



\\*g\\ p < C 4 n- 2 \\D 2 g\\ p . 

The Lemma 3.1 has been proved. □ 

Now we turn to the proof of Theorem 3.1. We first introduce an operator V™ given 

by 

n / /* 7r \ m 

^ m (/^) = E(/ v n (6)Q x (cos 6) sm 2X 9de) r fe (/;/i). 
k=o ^° 

Then, form the orthogonality of projection operator Y k , it follows that 

\ Til. 

v n (9)Q x (cos 6) S m 2X 6de) 
xy fe(E ( f v n(0)Qs (cos 9) sin 2A 9d0j' V s /) 



Thus, we take g = V™ f and obtain that 

m 

\\f ~ 9\\ P = \\f ~ VnfWv < E H^n ~V " Kf/llp < m|| / - K/|| P , 



fc=l 



where y„ / = /. 

Next, we prove the estimation: 



< —C\n\\f\\ p , 

where A and C2 are the same as that in Lemma 3.1. In fact, we have 
\\DV™f\\ p < 



v n (6) Qk(cos9) sm 2X ed9) Y k (f) 
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Since (see [T]) 



\Qk(cos( 



P^(cos9) 



<C 5 min((^)- A ,l), 



we use dS|) and obtain for kO > 1 and 9 < ir/2, that 



\DV™f\\ p < C 6 



n 



< C 7 n^ m 



J2Hk + d-2)k- 

oo 



d-2 , 
2 



fc=0 

d-2 



t; n (0)fl- A sin 2A M?) Y k (f) 



k=0 



For 2 — (d— 2)m/2 < —1, i.e. m > 6/(d — 2), it is clear that the series Y^T=o ^ 
is convergence. Thus 

II W n m /|| p < C 8 n^ m ||/|| p . 
For kO < 1, then ([9]) implies that 



oo 



iw n m /ii P < 



< Co 



/ w„(^)^-(^ 2 fc(A; + (i-2))^ Q^cosfl) sin 2A ^)"Y fc (/) 

i — n ■'0 

jZ ( I* v n (e)0-$i sm 2X 8de) m Y k (f) 



k=0 



k=0 



A 

2~a 



Cm 



where A and C2 are the same as that in Lemma 3.1. Therefore, when m > 6/(<Z — 2) 
there holds 

i4 



II W n m /|| p < ^Cm| u llp . 

Without loss generality, we assume mi > 6/(d — 2), and m > 6/(d — 2) + mi in the 
rest of the paper. According to Lemma 3.1 we see that 

a(n)\\DV™f\\ p < \\V™f-f\\ p + C 2 n- 2 \\D*V™f\\ p 

< rn\\V n f-f\\ p + -^n- 1 \\DV?- mi f\\ p 

< m\\V n f-f\\ p + -^n- 1 \\DV?f\\ p 



f— In-'WDV^iVrf-DWp 



< m\\V n f -f\\ p + ^l\\DV™f\\ p + ^p^\\V^f - /|| 



AdCn 



2n 
An 

c x% \v n j-f\\ p + ^-\\nv™f\\ p . 
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Setting a(n) = ACi/n, one has 



1 <2C 

-\\DV™f\\ p <-r^\\V n f-f\\ p . 

So from the definition of K-functional it follows 



1C 

< m\\f - V n f\\ p + -^||/ - V n f\\ p < C 14 ||/ - K/IU 
which together with ([3]) implies 

<C||/-K/|| P . 
This finishes the proof of Theorem 3.1. □ 

From ([6]) and Theorem 3.1, the following Corollary 3.1 follows directly. 
Corollary 3.1 For any / £ L p (a), 1 < p < oo, there holds 
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